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[HETHOD OF CALCULATING PERTORLANCE OF DUAL-ROTATING PROPELLERS

TROM ATIRFOIL CHARACTERISTICS

By Irven Haiman
SUMMARY

A method is developed for calculating the perform—
ance of a dual-rdtating'broneller from the section charac-—
teristics of the blade elements. The method is applied
to an eight—-Dbalde dual~rotating propeller and the computed
results are compared with low-speed wind—tunnel tesis of
the same vnropelier in both the tractor and the pusher
poesiticns. The computations are found to agree within the
experimental accuracy of the measurements. A detailed
step—by—sten procedure for the computations is gziven in an
aprendix, :

INTRODUCTION

The worlz of Betz, Prandtl, Goldstein, and ITock has
advanced vnroneller theory to the point at which perform—
ance may ©oe calculated with consideradle confidence from
section characteristics., With the introducticn of dusgl-
rotating wnropellers, an extension of the methods to this
type was desirable., An exact, potential-theory solution
corresponding to that of Goldstein has not as yet been ob—
tained. Several approximations, however, covering specific
phases of the problem have appeared. Locx (reference 1)
revlaces the nulsating—velocity field by one of a steady,
average value., In this way equations are obtained by
which the performance may Dbe calculated., Collar (reier—
ences 2 and 3) by cascade theory obtains some of the peri-—
odic effects,

The eguations of reference 1 are very lengthy and
cumbersome and, the cross interpolation reguired for the
solution maltes the actual coaputation very tedious; for
this reason several approximations that provide a quicker

solution at lower accuracy are given. In the »resent pavper,
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Gifferent method based uron the same assumpiions
in roielence 1, new equations are obtaineld provid-
nler and faster computation for the necessary
acocuracy.

In apvendix 4 a commniete outline of the method of
for dual-rotnbting propﬂlTpr“ is given., The
ware may be followed without reference tc the deri-~
n ogiven in tane text, and specimen comrutations are
calculations for the single—
casily performed by the same

ed 'he necessary
ing prepeller nay be

Throughout the rest of thris paper, dual-rovating
ller will be referred to as "dual propeller" and

Le—rotnting propeller as "single propelier.”
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THEOZZEIICAL COJSIDERATICHS

Assumpltions

The theory of propeller operation has been developed
from several assumpiions that may well be summarized here.
The Tundauental simplifying assumpition of all prcpeiler
strip—taeory calculations is that the operation at any
radinl element is independent of that at any cther element.
Gollstein (reference 4) obtained the exact fri ictionless
solution for the lightly loaded proveller with a finite
numoer of Dlades and minimum energy loss. He introduced
a nordimensional guantity X specifying the distribution
of circulation., Because of the finite number of blades,
the velocity distridution at any radius is not uniform.
The correct value of the induced "elocitv to be used in
determining the 1ift relationship is the value at the
blade, that is, the value on the vortex sheet. This re—-
laticnship between the 1lift coefficient =nd the induced
velocity is given by

clr = 4F sin ¢ tan € (1)
whore T o= el and tan¢ = %?, © is the pitch

COSE@ W

anzle of the vortex sheet, w is the induced velocity
normali %o the vortex sheet, and W is the resultant
veloclity of the blade element along the shech. Strictly
speakiang, F (% in thn notation of refereace 1) is ap—
plicodloe 1 v loaded mreopellers with a digtri—
bution ¢ i ving minimum energy loss. PBecause
a perfec ution to this problem is lacking,
the Tol] maode: The factor F nmnmay De
applied 2ticn for nonoovtimum distriba—
tions quation (1) rewresents a fur—
tiaer onal ionsses have negligible
erfec the induced sses, appearing merely as modi—
ficat in the walte in the immediate neighborhood of the
vortexr sheets,

In tLe dual promell 2 CIL T CD nerates in the

noruniforn
in an oscil
tude 3T the

, resulting
the magni—
assumpitions:




(1) The oscillating induced—velo
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renicced by a uwniform Lield
to tiiz nean value o7 the os

city field may be
; tne value Tor wnich 1s equal
cillating fiel
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The ieocn value of the induced velocity is taken
times the value induced at the vorte:: shent.

(&) the dual propeller
is lacizi are dotermined in
the gone woy o for & single hiO“oller; that is, the value
of F ic tzat for siangle nronellers,

\ 4 oo .
(4} The wropallars nre sosumed to be suiffici
i that changes iu axilal velocity bve

= . ~

Stavenent ol Fropeller rroolen in Gener~l Fornm

The wreovlem of propeller—performance counubtation ro—
solves vo Getermining the 1ift oand the drw; on & Pro-—-

p@l¢er nanser oF Lla&cs ertein airfoil

sactl cnd bla =le tting nt o known
value of tl vavance—-diancter i Tl orrect resolu—
tion ol i torgue re—
guir ities, or
the 7 a¥c) cwn. Yhe
1if% s a funciion of the angle of atitacik Gy
wir L cl 8 — ¢; taat is,

The 1o

and of

cf the propreller is o functiorn of the pitch
, e induced velocitie I

e, as given by equation f1). Tor
result thot
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equations (2) and (Z) are combined, the general pro-—
peller equaotlon may therefore be writiten

. s
e — ©) = ?} sin @ ten (o — Pa

s




cr, symvolicaliy,

Ve

(0, v, ©.) = M9 — ) - %E sin 9 tan (@ —@,) = 0 (4)

The function @ properly includes o and B as addi-
tional variables but, becausce these guantities are usually
fixed by other counsiderstions, they may here be ccnsidered
¢ included with €.

-
&b

g working not in free air dbut in
hns been modified by body interference,
irzstresm of anotler wropeller, the advance

H
opriate to these conditions must be usecd

for thie dual propelisr, two such funcuions exict

where ¢ _ ', and o ¢,

~y

re functions of the slivsiream

effTect of the cther propeller. Trhe siamuitonecouvs scliution
of these two eguations is desired. The mrocess, oI course,
can be generanlizmed o any number of pronellers onerating

in seriec.

The rpnc”nl nprogpaller function NOR cticn of
three variabl . If any itwo of %thece vari are se—
lected, tne onlrd noy be t e perform—

ance of a given propeller, 9 (a
and the thrust and the torgue are
approach is to compute the thrust and the torque for an
arbitrarily selected value of the sdvance—dlianeter ratio J
i
t

2
IS

With € «ond selected, ¢ 1is thereclore determined

he thrust, and the torque

G
from ecuation (4) and the 1ift, ,
he wo sets of values are

follcw. For duanl pr opelLVr




reguired, one for each nropeller. By repeatinz the pro-—
cess for other values of J, the coaplete performance
curve may oDe obbtained. This method was used in rvefor—
ence 1. The equations are loug and involved and the
neccecsary cross intermolation makes the actual computa—
ticn nuite tedious.

)_

An native metnod is presented by cxamination of

alter
ecuation (4 ) f ¢ is selected arbitrarily ingtead of
Py, @, is very easily determined. An arditrary value of
Cy @ay be assamcd and o9 may be debvermined by usc of the
1ift curve, cr vice verssa Thae correspoending value of J
is then found. The omrl te performance curve Ffor each

statiorn is constructed ond the valuc at any deslired value
of J is thus obtainod. This method requires consider—
orgutational work than the precedlng method,
ccond nethod very 1ittle more comrmutation is re—
r duel mropeilers than for single propellers;

he séditional work is thet nccessaury fTor comput—
ing tno gdditional coefficierts vor the seccend propeller.
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In accordance with the uwreceding assumptions the in—
terference veloclties ay be erprecse i

3

The velocity diagram for a wuropeller wor¥ing in the

o

field of another propeller in given in figure 1. The
self-induced velocity w is pervendicular to the result—

ant velocity W, which maxes an angle ¢ with the plane
of royaticn. This diagran is sinilar to the diagran for
single propellers except for the introduction of the ud—
ditiocanl velocities uw and v, the effective values of
the axzial aud rotational interference velocities of thc
octher nropeller,

The addibtional Telocity for ecach Tromeller due
to the other is the average value of that inducecd at the

other wrooc'ierﬁ The additionsl rotational velocity for

the front wropeller due to the rear propellisr is nil; for
the resar promeller due to the front propeller, the vsloc—
ity is {twice the averase value of the velocity induced o

he front proneller. Thus
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in nondimensional form these velocities become (see ap—
vendix B)
u, Fg tan ¢
A L = - <7)
e, * oV 1+ tan o, tan €
e = &
— -~y
= A cot @, (8)
.
2
2 =24 (9)
v
&~
where

A o= Aty (10)

and
. ¥, tan ¢ P
Al = S L = 1/2 2% (11)
I + 9
cot o, + tan €, riz,
M . . N
The factor A? is thus seen to be the mean volue of the
rotationnl inflcw factor of the front sropeller (a! in
momentun theory),
Also
T 4+ 1 .
et = fanm (. — €. ) = tan o ! (12)
1 i SO0y ~

l,
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(13)

V + u,
~~~~~ —=— = tan (CP - :.,_) = tan .L;Oo‘-:
v o+ v, 2 o
=~ o<
Solution for Dual Promellers
The general mroweller functicns (egquations (5,) are
independent ecxcept for the terms in ¢ '. The solubion
therefore decvecnds unon debtermining the relationship bve-
twecer @oll‘ and @o’ﬂ' P"his solution may be carricd
out 1n the following manner.
The mean axial flow through both propellers is the
same; tauc,
ToAdou, tu, BV o+ oug o, (14)
Tow,
Tl o+ v =xﬂ31(1 + 24) | (15)

Dividing the left—hand member of eguation (14) by
rQl(l + 23)/w and the right-nand meuber by er + v, ¢gives
- T+ w N\ a .. —! vV o+ 1 'L“

Bl i . ¥
RS ! 1 . 2 *
——————— l-r_;) /—-———-«—-- ’ —_ 1 = + i
i+ 2A N e,/ rQ,, J ri. + v, rd, + v,
By equations (7) to (1&),
- ¥. tan ¢ .

7 < [~ 0
———— (w tan ¢ ', + & cot ©_) =tan @ ' _ + (16.
1+ 2A - - ~ 1 + tan @, tan €, -

Wow,
vV + u W u1(l + 2A)
fan w0 m e D1 ool g BALZ T PRI
reol {3 il w(xll, + v,)
1+ 24 ¥, tan €.
tan ¢ =+ = (17
v w 1 + tan @, ban €
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Similarly,

tan @ ' = =z ; : (18)
voe 1+ 2!
Llso,
w tan 9., = tan o (19)

Equatioas (16) to (19), with the following identitv, per—
it the sovlution of the dual-propeller problen in several
ways:

'L( hae t n
ten QPO! = tan (CP - €) = tan o a € (20)

1 + tan @ tan €

f tan ¢ ' 1is eliminated in eguations (17) and (18)

n (20), ftwo ecuations are obtained that
€

and in terms of o -
1 Eg "o1’ (?O"’

., 2nd o_. This method was used in reference 1 al-
4

oes not involve the same trigo—

-
though the s d
n ay be seen Dy inspection, with

nomestric fu

Po, ond o iecified, values of ¢, and ¢ must be
assuned; the corresponding values of €, and €, com—
puted; Cll plotted against ¢, for several fixed values of
¢.; O, »nlotted similariy; by cross interpolstion, the
values of @, and o that tisfy the given 8, and

a
8. may be found. A ninimum of Four points must be com—

<

4 A

puted to perform this cross intermolation.

04 of the nreceding section
is of Cp_ ~is selected and o,
1 -
and e; innediately follcw. The left—hand member of
equation (18) is a function only of P, and €, and may

be designated G,

(&)

. w tan (@1 ~ gl) + A cot o (21)




By use of equation (20), ecuation (16) may be solved for

tan ©., — G
tan €, = B (22)
© 1 —F_. + G tan ¢_

The correct value of 9, will give an €, and a Cf_

that satisfy the blade setting 8. . This value may be

1

deternined graphically by computations for two values of. ¢ _.

With the correct value, the advance angles o,, and Do,

- - . N\
follow Tron equations (18) and (19):

—~~

\
w tan ®,, = tan @ = (1 + BA) tan (o, — ¢
: 4 I3

Eimressions for Differential Thrust, Tifferential

< Torgue, and Efficilency
The force dingren for the prepeller blade element
is given in figure 2. The difvercntial thrucst and the
differential torque are given by '

a7 = BX ar

dQ = BY rar

u
)
)
e
5
oy

where 3 i1is the number of bl:

o

0
3

s
s

Y = 4 sin © + © cos ©

The differential thrust and the differertianl itorgue may be
expresset 1n nondimensional form in o great nany ways.
The Teollowing equations give these coefficients in bterms of
the iy wrevious

d

trigonometric function
Fe
v

s v uvsed, The-
of these exprensions may be o

und in appeandix B,

&
<
o
| i &1
o
i

dcll‘.ﬁ E‘, )
3 N

tan ¢, (cot P, tan Y, ,

ad: (cot ?, + tan €1>2
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ady Fa tan e, (cot @, — tan Y,) ]
—:~—==ﬁ3X3 ‘ - 3 (24%)
o [(cot 9 + tan ¢ )/(1+24)]
alp 3.4 7. c -
Ry _ mixt iy tan €, (1L + cot v, tan Yl) (25a2)
d:: 2 (cot ¢, + ton el)E
s
“YQ, 3.4 F_ tan €, (1 + cot v_ tan Y ) (35b)
> = £ . -~ i - 2
o
d= 2 [(cot o + tan 66)/(1 + 24)]
is readily seen that — = = cot (o + V) i)
- dx x dx
section efficiency for each proreller is given by
"V-nL“ J dcT/dX
Ny = — = — —————
Qag  om dCQ/dx
J
= —— cot (o + V)
- A\
= tan @, cot (o + )
Special Case — Zqual Rotational Spesd and
fqual Toraune at Each Section
Loucel rotational sneed.— At equal rotatiocnal sreed
=Q_ =0 and w= 1. Also tan ©_ = tan ¢ _ = tan o
= "01 . o= o
oraue.— Zgual torque at the promeller blades

t
¢ average angul
rage angular velocity

2l and ovuosite. Th

produced by
is equality

ar nomentum in the wake; that

each pro—
of velocity



14

-—

Fiwy, sin @, = Fyuy sin 9,

Dividing voth terms by v} and applying the relation—

ships of equabtions (7), (&), (¢), (11),

T, tan € F_ tan €, (1 + 24)
1 1 1

o

cot ©, + tan €,

cot ®_ + tan €,

and (15) gives

—
40
[}

~

Setting dOq [dz = aCq /ix in equations (25) and using
1 2

equation (26) gives as the necessary condition for equal

torque, when frictionul effects are neglected

Fl tan €, = Ez tan €

¢y

0):

(27)

From the Lift relationship of equation (1), the condition

for equal torque is

CLl/Sin ¢, = Cld/sin P

From eguations (28) and (27),

A

Q
o
<t

-G
+
ot
jeu
o]
M

it

[d
)

(cot © + tas €1)(1 + 24)

= cot o, + (1 + 2F;) tan €,
Then
tan € =.cot o, + (1 + 2“1) tan ¢, — cot o,
and, from equation (27),
F., tan ¢
, be
FE?, = . 1
cot ¢, + (1 + BFl) ton €, — cov @

With @ = and €, determined, a

value of

<

(28)

(2

may be

selected and F. may be caleulated by equation (29).

2

(o]

I~

)
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This value is compared with the value of F_, correspond—
ing to ¢, on the F—chart. (See fig. 14 or 15.) UNew
values of ¢, are selected and other values of F; are

calculated until agreement is reached. In pra actice this
nethod is found to be very rapidly convergent,

Difference in Dblade—angle settings for egual torgue.—

The correct. dlerrence in blade-angle setting is the dif-
ference that gives an equal integrated torgue for both
propellers. No genergl solution can be given for this
blade—angle difference because the problem is complicated
by the distridution of load and solidity. 4 few conclu—

sions may be drawn, however, for the differential torque
at the blade elements with the.aid of Tigure 1 and edua—
tion (23)., For the front propeller, v = 0 and there—.

fore 9 > v . 3y equation (287, 0, > 0n_, end thus

o, > o, and 08, > 62. ' For equal torgque, therefore, 8

must be less than 6, at each radius. If 9, is not

correctly setv, howevery; the torque on the rear element

may be greater or lecs than on the front. (See figs. B
and 6,) : ‘ :

"APPLICATION OF IETHOD TO EIGET—BLADE DUAL PROPELLER.

. The foregoing method has becen applied to the calcula-
tion of the performance of an eight—blade dual propecller
with Hamilton Standard 3155-6 and 31856—6 Dlades. A de—
scription of this propeller and reuult .0f wind—tunnel
t sts are given in referonces 5 and 6. The 1ift and the
llft—drag curves are given in figures 3 and 4, respectively,
The Section characteristics for x = 0.6, .7, 0.8, 0.9,
and C.,95 were taken from figure 10 of reference 7 for the
avopropriste thicknesses, A% =x ="0.2,  the section is
almost circular; it was, thorefore, assumﬁd to be onefat—
ing at zero 1ift and a comstant Cp of 0.4. At x 0.3,
the section is almost symmetrical and g
section was arbitrarily given a Cp of 0.05 and a
of 1ift curve of 0.045 per degree with zero 1ift at
Tbe characteristico for == 0.2 and 0.3 are guite rough
approx:natlonu but should be satisfactory innsmuch as the
contributions of these clenents are small.

,..
,_

The determination of the char dcterivtics for the scec—
tion at x = 0,45 was somewhat more involve It was first
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’

necessary to reconstruct the nrofile from the drawings.
This section was found to have dcuble camber, with 2 nean
camber of 3,8 percent and a thickness of 16.6 percent.
By an unpublisﬁed nethod for determining the characteris—
tics of a family of airfoils based upon a given thickness
and cgmber distribution, an example for the Clark I air—
f01l° was prepared. From this cxample the section at
x = 0,45 was found to have an angle of gzero 1ift of
—3,3° and a slope of 1lift curve of 0.094 per degree.
The lift—drag ratios were taken to be the same as those
for fthe 16.6—percent—thick Clark Y airfoil of figure 10
of reference 7. This choice is not quite correct, dut
the error thus introduced into the ecalculations is very
small, The values of F used were those for the four-—
blade propeller, (See fig. 15.) :

The differential—torque curves for the front and
rear nropellers-at x 0.7, 9%, = 46.6°, and’ 8, =
45,6Y are given in figure 5. This conditlion corresponds.
to a blade—angle setting of 45° anda 44° at 0.75 radius.
Similar curves were constructed for the other radii and
also for the differential thrust. Figures 6 and 7 give
the differential—thrust and the differeatial—-torque dis—
tribution, respectively, for the same blode setting at

i1

J = 2,15, corresponding to equal torque. Similar distri-
butions were determined for other values of advance-
diameter ratio and of blade angle. The calculated indi-

vidual thrust and individual power curves a“e‘glven in
figures 8 and 9, resrcct;velr, for the 30° , 487, and 60°
settings of the front propellsr with the same values of
the rear propeller used in references 5 and 6.  Compari-—
sons. between tihe calculated and the observed power ccef—
ficients for the front and for the rear propellers are
provided in 1gu”eo 10 and 11, respectively. Figures 12
and 13 urovide similar comparisons for the total thrust
and the total powel coc¢f1c1onts, The extent of the cal—
culated curves ‘limited by the fact that calculations
wefe,carried_out onld‘as far as . CL = 0.8 for the front
propeller.,

Exemination of these figures indicates a gquite good
agreement between the calculated and the observed curves,
especinlly For the power coefficient for the rear propel-
ler. The power of the fronl propeller does not show 80
good an sgroement - the reason is not at present apparent.
The individunl thrust curves were not obtained cxperi-—

entalliy and could not, therefore, be comparcd. The total
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thrust seems to agree quite well but shows the same dis—
crepancies as the total power curves. Further calcula—
tions of this type for both dual and s1ngle propellers
would. be hlcnly ae31rable.

CONCLUDING KEMARKS '~

A method has been develcoped herein for calculating
the performance of a dual=rotating propeller from the
section characteristics of the blade elements. Computa—
tions for an eight—blade propeller are compared with the
results of low—-speed wind—tunnel tests of this propeller
in both the tractor end the pusher pos1t10n The com—
putations ce within the experimental accuracy of the
measurenents, T b

Langley iiemorial Aeronsgutical Labdoratory,
Tational Advisory Conmmittes for _Aeronauti '
Langley Fileld, Va., :

APPENDIX A

HETHOD OF COLPUTATION

hlete performance of a dual proveller for any

_ The conmp
particular radius nay be caiculated on three work hectg,
samples of which are included. (Seeo, computation.forms S.)
Shect 1 is uscd to determine the Yift uOGII-ClentG! the

-

inflow anQLes and. the advance—diarneter ratio For the %wo
krope]le . Sheet 2 is.a trial shecet nccessary in deter—
mining thc 111t coefficient on the rear propeller. . .Sheect
provides the computation of the differential>-thrust and

~

the a1f1 rential—torgque coefficients for both propellers.
"qu e C 8 T

"
N

Shect_l.— For any partwcvlar radius =, the solidity

o and the blade ‘angles B8, and Gﬁ are specified.
" ~¢

values’of"Czl at intervals of O 1 for example,
are selected and the angle of attack «a is determined

from the 1lift curve (infinite aspect ratio). Ilost entries
are self—evident; the others are obtained as follows:
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¢, = 8, — &,. The value of F, is determined fron charts
for the appropriate values of "x and ¢,. Values of F

are given in figures 14 and 15 for three— and four-blade
propellers, respectively. Similar charts fcr- two- and
six-Dblade propellers may be found in reference 7., The
original data for these charts were obtained from refer—
ence 8., Then, from equation (1),

o
~ —
T F,
Ctan €y = mmmmd

sin @,

from equations (10) and (11),

and, Dby cauation (21),

w tan (¢, — €,) + & cot ¢,

Sheet 1 is left temporarily ond shect 2 used.

of .Cp, at which the rear propeller operates- when the

front wropeller operates at the assuned value of CLl'

This -valuc may be rnost conveniently determincd by assuming
- %wo walues of 8, — @, and detcrmining the corrosponding

values of Cr_» plotting“them directly on the chart of

I8

CL agalnst « and determining the interscction of the
1ift curve with the line connecting these two points. The
function C;  against 8, — ¢, 1is really ~ curve dut,

if the points are taken close together, the straight line
is sufficiently accurate,
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1-3

P
i

he sheet starts with the
2 (9 '_CPQ)', F')
e

appropriate radius and ©}

assumed value of

is obtained from theo

0, —
P-—-chart

. -\
by equation (22),

om
i

N

<t
W
3

0
s
2

. from equation (1),

G sin v, ven €,
hd = - -=
o 5
o/1F,

The lowver of shget 2 »rovides spose for the second
compuraticu ot another valuc of 8, — ¢,

The interscciion determines a value of 07 ynd

=

., = &, — ., These values are ussd In the rejturn to

1 are ve%e:tnﬁ
additiona

"

vaeluas

TE tan @,

{
tan (¢, —

indil

calculated by

feowr ot
cated

(%7

Computaetions similar to tae

Sheet 3.— All the information reguired to compute
the differential thrust ~nd the differentiial torque is now
at hand, These compubations are performed as indicated.
The 1ift coefficient aud several other entries have been
repeated for convenience., From the L/D curves,

Y

by eguation (2Ea).



(2%}
O

— 1 I
2 (cot ©. + tan ¢ )¢
b 1
and, by eqguation (244,
~
a3y tan €, (2ot o, — tan v, )
S 33 T -
ax (cot g + tan €)%
The coefiicients for the vear propeiler arc simi—
larly deternined from equation (25%) as

and, from equatica {24%), as

Vhen these comvutations hove beexn completed, %ths
differential thiust and the differential torque zay be
plotted as a function of J for each radius, then cross—
rlotted as a function of radius Tor a given J and in—
tegrated (figs. 5 to 7).

Liniting case.— ¥Yor Cp = C, tan € = 0, tan Y = =,
and couwations (24) and (25) reduce H0

G‘C’r' - - n
T . tan Do - e
Tmeme E e o CDK 1o+ t;‘,'.ii.)
dx 4 cos o
o)
10
LVQ A - PR
et e BEEL T (1w z4)

x 3 ces P,
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For the front propeller, A & 0; for the rear propeller,
A = 0 only if CLl = 0,
" DESIGH FOR EQUAL TORQUE
1
o]
The condition Tor equal torque is given as
CLl/SJ; ¢©, = CLB/Sln .
or
o tan ¢, = F, tan €,
With F, and ¢, determined from sheet 1 for a given
tlade—angic required

&

e setting 0., the blade angle 0,
for equal terque may ©te fourd in the following

o

manners

- " -1 . . o
an €, = cot o, + (1 + 2F,) tan ¢, cot

&

A value of ¢_ is assumed and ¥, calculated. Uhis
<

calculated value is counpared with that obtained from the
F~chart for the given values of B, &, and x., Succes—
sive values are assumecd until agrecement is reachied. In
practice the process is found to be rapidly coavergeat.

Uith both o, and ¢, determined, values of Og_,
G, oud 8 innediately follow.

2 2
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APPEFDIX B
DER IVATION OF EXPRESSIONS FOR INTERFERENCE VELOCITIES
AND DIFFERELTIAL THRUST AVD DIFFERENTIAL TORQUE

Interference Velocities

v W CO0S8 ¢
tan € = —'_f- = - £,,___....._
' rOQ+ v —w gin ®
and
V 4+ u+ v ocos @
[ an cp e —
Q + v — w sin g
Now
u, = F.w, coc ¢, (€)
and '

F. tan ¢, =
< ~

B u, rli, + v_ — w. siz ¢, + w, cos ¢ tan o,
I'QE + \f‘:.3 I’Qe + vE — VIQ 31n C.P‘:
Y1
= ——3— (1 4 tan ¢, tan <)
2, + v,
Thus,
U F_ tan €,
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Ikt\a - 1
o
ey
peN
'
And,
Also,
v =
~

Differential Th

=
juy
o
1
w ot
b8y
o
L
(o]
I3
+
o+
E_I-
m
,»J

S
F, tan €,
1 + tan ¢, %tan ¢

cot @,

1 1
cot @, * tan €y
AY cot @
&
v - )
;:g_: ~§3 1
rG, v, O
= Adw cot o
Y1
= A cotv oy
= 23‘**11 sin @,

2
Vo
p Lo
)}
rkue

i

[

rust and Differential Torgue

(e)
(3)

and the differential torque



where

vhere

In terme of the u

ferential thrust

5
2 O

|4

where < i3 %he
The exnressi
v

d¢ = BY rdr
X = L cos ¢ —D sin ¢
T =% aip ¢ + D cos ¢
conifiziernt form,
= U, e9% @ —- Op ain o
= Cr sin ¢ fcct p ~ tan ¥

= (‘:J nin @ v+ ood
ten Y = Cn/Cy
‘ 12
sual noandimensicnal co e
and tne differential borou

aCrm N
T - ogmn uly
Qzx 4 T <}~

solidity at the radiuvs .

on fecr W is cbtained ac

= (V + u + w cos @) csc o

_ V+u+ uvcos w

= r{} csc @
bR

)

¢ tan V)

the

dif-~




Fow

D+ v _rl + v — wosin @ + w sin ¢

= = cot @ + tan ¢
V+ uwu+ wcos o V +u+ w cos @

For the front propeller,

rCi + v = rl
For the rear propéller
rQ+ v =l + v, = i (1 + 247
Therefore, |
csc ©,.

Also

The differential thrust and the differenticl torgue are
then obtained as ‘

dCp F tan € (cot ¢ — tan ¥

4% _ a.3 T fon (¢ ¢ — ta ) . (24)
[(cot @ + tan ) /(1 + 24)]

ac 3 4 o . ~ a

oY _ M T F tan € (1 + got 9 tan N? (25)

dx 2 [(cot © + tan €)/(1 + 22)]°7

with A = 0 for the front propeller. -
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